In this paper a study of the equilibrium points of a rotating non-spherical asteroid is performed with special emphasis on the equilibria aligned with the longest axis of the body. These equilibrium points have the same spectral behaviour as the collinear Lagrange points of the Restricted Three Body Problem (RTBP), saddle-centres, and therefore unstable and stable invariant manifolds can be computed. The invariant manifolds of the equilibrium point or periodic orbits around it, which are fuel-free trajectories, can approach the surface of the asteroid, orbit around it for dierent amounts of time, and even impact on it. This paper studies the dependence of the existence of fuel-free trajectories to the surface of the asteroid from the equilibrium point on the shape and rotation rate of the body. A possible manoeuvre to orbit the asteroid to observe it and later achieve vertical landing is proposed. The theory developed is then applied to asteroid 4660 Nereus, for which an approach, observation phase and landing manoeuvre is designed. 
I. Introduction
The last two decades have witnessed several missions to asteroids and comets including NASA's NEAR [1], Deep Impact [2] , Stardust [3] and Dawn [4] , ESA's Rosetta [5] and JAXA's Hayabusa [6] . There are several reasons for this current interest in the smallest bodies of the Solar System.
First, the scientic community believes that they represent the remnant debris of the rst years of the formation of the Solar System and also may yield information of how our planet was created.
Secondly, some asteroids, specially the ones near the Earth, can be explored with lower mission velocities than any other body, which makes them very attractive as targets for scientic missions or for sources of extraterrestrial material. Finally, asteroids and comets might pose a serious threat to our planet when they approach the Earth, becoming NEOs (Near Earth Objects).
Designing an asteroid landing trajectory is a complicated and challenging problem. The main issue is the lack of knowledge about its shape, gravitational potential and rotational dynamics.
Asteroids and comets are characterised by very irregular shapes, which makes mathematical models that reduce the bodies to point masses unsuitable for planning missions.
In this paper, the model used for the gravitational potential of the non-spherical body is an expansion up to second order in terms of spherical Bessel functions and spherical harmonics that matches smoothly with the well known MacCullagh's formula at a given spherical boundary, hence satisfying both Poisson's and Laplace's equation. This expansion of the potential can be used to model asteroids for which only the mass and moments of inertia are known, and at the same time allows for a general study of the dynamics in terms of the potential coecients given by the mass and inertia moments of the asteroid.
The fact that asteroids are not point masses but elongated bodies leads to a richer dynamics around them compared to the simple Kepler's problem. The dynamics of massless particles around an elongated asteroid are modelled using the Restricted Full Two Body Problem (RF2BP). This mathematical model has similarities with the well known Restricted Three Body Problem (RTBP).
Relative equilibrium points exist in their vicinity [810] , together with stable and unstable periodic orbits around them. As in the RTBP, two of the equilibrium points around an asteroid have a unstable saddle-centre behaviour, and therefore unstable periodic orbits around them with stable and unstable invariant manifolds exist [11, 14] . Moreover, the theory developed in the RTBP about the dynamics around the collinear Lagrange points can be adapted to this problem [18, 19] . In the RTBP the invariant manifolds of periodic orbits around Lagrange points approach the secondary body but do not come near the primary body. In the RF2BP, however, the invariant manifolds of the unstable periodic orbits might approach or intersect the body, depending upon the shape and the asteroid's rotation rate. These manifolds then oer fuel-free trajectories that approach or depart from the asteroid at low relative velocities that can be used for landing and taking o for sample-return missions. Invariant manifolds of periodic orbits have been used in [11] to transfer from higher orbits to lower orbits of Vesta.
In recent decades, lots of research has been done applying the dynamical model of the RTBP to real missions, exploiting the natural dynamics of invariant manifolds to explore the Universe without high consumptions of fuel. In this paper, the same idea is applied to asteroid missions. The possibility of approaching and landing on an asteroid using the natural dynamics around unstable equilibrium points given by the non-spherical nature of the asteroid is studied.
In this paper, the dependence of the dynamical environment of non-spherical bodies on the shape (moments of inertia) and rotation period will be studied. The paper focuses on the computation and study of the behaviour of the invariant manifolds of equilibrium points and of periodic orbits depending on the parameters of the problem and the application of the manifolds to develop a method for landing on asteroids using the natural dynamics around them. The structure of the paper is as follows. In section II a summary of how to compute the gravitational potential used is given. In section III the dynamical environment of an asteroid is studied determining the behaviour of the manifolds depending on the rotation and shape of the body. Finally, in section IV a possible landing manoeuvre is described, with the example of asteroid Nereus.
II. Expansion of the gravitational potential up to second order
For the majority of asteroids discovered there is not enough information about their shape to develop a good approximation of their gravitational potential. For those asteroids of which only the triaxial axes and a mean density are known, an approximation of the mass and moments of inertia can be computed (assuming a triaxial shape and constant density). With this information an expansion up to second order in terms of spherical Bessel functions and spherical harmonics can be derived, allowing for a very simple expression of the gravitational potential which is easy to compute and is dynamically equivalent to the gravitational potential of a constant density ellipsoid, but that does not require the constant evaluation of elliptic integrals.
Let Φ(x, y, z) the potential that the point P = (x, y, z) experiences due to the attraction of a non-spherical body. The potential Φ(x, y, z) and the three components of the force ( exist at all points and are continuous throughout space. Moreover, the gravitational potential Φ must satisfy Laplace's equation for regions away from the attracting matter, ∇ 2 Φ = 0, and Poisson's equation for regions within the attracting matter, ∇ 2 Φ = −4πρG, [22] .
A possible way to solve for the potential of a particular mass distribution is to solve inde-pendently both equations and impose that the solutions and their derivatives match at a given boundary.
A. The external potential of a rigid body: solution of Laplace's equation
It is well known that outside a spherical boundary that contains the mass of the body, the solution of Laplace's equation, which we call the external potential, can be expressed using spherical harmonics [21, 23] :
where (r, θ, φ) are the spherical coordinates, R the radius of the spherical boundary, P m n (cos θ) the associated Legendre Polynomials and a nm and b nm the coecients of the expansion,
computed knowing the body's density ρ.
MacCullagh's Formula in cartesian coordinates
If the origin of the coordinate system coincides with the centre of gravity of the non-spherical body, then a 10 = a 11 = b 11 = 0. If the frame coordinates are aligned with the principal inertia axes of the body, then the products of inertia are zero and a 20 = Using these coecients, the potential up to second order can be written as
where I 3 represents the diagonal matrix with elements (I xx , I yy , I zz ) and the bar represents the variable divided by the total mass M [24] . This formula is known as MacCullagh's formula and it gives the external potential to second order of a body of mass M and moments of inertia I xx , I yy and I zz .
B. The internal potential of a rigid body: solution of Poisson's equation
Following the theory developed in [25, 26] , the solution of Poisson's equation can be obtained by expanding the potential and density of the body in terms of a series of basis functions: spherical harmonics and spherical Bessel functions (j n ). The internal potential can be expanded as
where R is the radius of the circumscribing circle, the coecients A lnm and B lnm depend on the body, and α ln are dimensionless coecients which are determined by imposing that the internal and In order to determine the coecients α nl it is easier if the external potential is also written in terms of spherical Bessel functions. It then has the following expression
Therefore, by imposing that lim r→R − ∂Φi ∂r = lim r→R + ∂Φe ∂r and by using the properties of the spherical Bessel functions, it is possible to see that α nl are the solutions of j n−1 (α ln ) = 0.
Using equation (6) in Poisson's equation, it is possible to nd an analytic expression for the density distribution of the body in terms of the spherical harmonics and spherical Bessel functions
Due to the properties of orthogonality of the basis functions, the coecients A lnm and B lnm can be computed,
A lnm = 4(2n + 1)
B lnm = 4(2n + 1)
Due to the fact that both expressions for the external potential, equations (1) and (7), are the same, the relationships between their coecients are
C. The external-internal potential matching: the choice of the coecients For asteroids such that only the mass M and the principal moments of inertia I xx , I yy and I zz are known, the external potential up to second order can be easily computed using MacCullagh's formula. In order to compute the internal potential the coecients A lnm and B lnm have to be calculated using only the information known.
From the computation of the coecients of MacCullagh's formula, it is known that
Therefore using that Φ i (R) = Φ e (R), an expansion up to second order of the internal potential will have coecients satisfying
plus the equation that guarantees that the density of the body at the spherical boundary must
This condition on the density guarantees that the second derivative of the potential is continuous, and hence the dynamics of equilibrium points are be continuous across the circumscribing sphere.
As an expansion up to second order in terms of the inertia moments is used, the coecients B lnm will satisfy ∑ ∞ l=0 B lnm j n (α nl ) = b nm = 0 and therefore are always zero for all l, n = 0, 1, 2 and m = 0, 1, 2.
In order to determine the coecients one should compute the integrals of equations (9), (10) and (11), which requires knowledge of the density of the body ρ. However, as only the mass and moments of inertia of this body are known, theses integrals cannot be evaluated. Therefore, there are innite parameters to determine but only four equations. Hence the expansion of the potential will have free parameters. In order to solve the problem, the coecients A lnm and B lnm are chosen in such a way that they satisfy equations (14), (15), (16) and (17) . Other choices of the parameters that make the potential satisfy the required equations will be valid as well and will give rise to dierent density distributions of the body. In this paper
and
where
has to be a convergent series. When implementing this potential on a computer, the expansion will be truncated at some order, and hence the series should converge fast enough to maintain the accuracy of the matching between the internal and external potential. The convergent series used is 1/n 10 .
In this section, the coecients of the internal potential expansion have been chosen in such a way that the internal and external potential match at the circumscribing sphere and such that the body has the appropriate mass and moments of inertia. Other choices of the coecients that make the internal potential satisfy the same restrictions will be valid as well. Although dierent choices will give rise to dierent density distributions of the body, and therefore, dierent dynamics, the overall behaviour will be similar. and 2c = 241m and mean density of 2gcm
.
III. The dynamical environment of an elongated asteroid
The Restricted Full Two Body Problem [8, 9, 13, 27, 28] describes the movement of a massless particle under the inuence of a non-spherical body which is rotating uniformly around a principal axis. Using the expansion of the potential summarised in the previous section, it is possible to describe the dynamical environment of the body everywhere, up to second order.
Given a non-spherical body of mass M uniformly rotating around the axis with maximum moment of inertia, a rotating frame of reference is used, centred at the body's centre of mass and always aligned with the principal axes of the body. The x-axis is aligned with the principal axis with minimum moment of inertia, the z-axis with the maximum moment of inertia and the y-axis completing the orthogonal frame. Then I xx ≤ I yy ≤ I zz , and the angular velocity of the body can
The equations of motion of a massless particle under the inuence of the rotating body arë
in cartesian coordinates.
In order to have dimensionless coordinates a fundamental unit of length and a fundamental unit of time are dened. If I zz = MR 2 , I xx = α x MR 2 and I yy = α y MR 2 with 1 ≥ I zz ≥ I yy ≥ I xx , the fundamental unit of length isr = r/R and the fundamental unit of timet = nt where n = √ GM/R 3 the mean motion at distanceR.
Without the tildes, the non-dimensional equations of motion are the same as equation (24) with the following expressions for the potential
,
where r = √ x 2 + y 2 + z 2 , and the bar on the expansion coecients means that they are divided by the mass M . This potential has been computed by normalising the variables and dividing it by M n 2R2 . These equations have an integral of motion, the Jacobi constant with expression
From now on, only the planar problem will be considered, i.e. the motion of the massless particle or spacecraft will be conned in the x, y plane. This can be done due to the symmetry of the body given by the x, y plane.
Using the equations given by the RF2BP model, the aim of this paper is to understand the role of the invariant manifolds in the dynamical environment of a non-spherical body, and how these manifolds can be used for mission planning and landing on asteroids.
The bodies considered in this paper have non-dimensional shape parameters α x and α y , and rotation periods T in hours. Therefore, to compute the non-dimensional angular velocity ω the mass and the fundamental unit of length are needed. For the computation of the mass, the body is assumed to be an ellipsoid with the required moments of inertia and constant density 2.5 g/cm 3 .
Other densities can be considered, which will change the results slightly but the overall behaviour will be the same. The non-dimensional semi-major axes of the constant density ellipsoid are
A. Equilibrium points
The equations of motion of the RF2BP with the internal and external potential can have relative equilibrium points aligned with the x and y axes (see gure 2). However, the only real equilibrium points are the ones outside the body. Due to the fact that the real density of the asteroid and its shape are not known, the gravitational potential used does not give information on where the surface of the body is. For simplicity, and in order to plot an approximate surface of the body, it will be assumed that the asteroid has the shape of an ellipsoid with semi-major axes given by equations (27) , (28) and (29).
Fig. 2 Zero velocity curves for a body with dierent rotation periods and shape parameters αx = 0.3 and αy = 1. The dashed line is the equatorial section of the ellipsoid that has the same moments of inertia and the circle is the spherical boundary where the potentials are matched. In 2(a) four equilibrium points exist outside of the body, in the region where the external potential is used. In 2(b) the equilibrium points aligned with the long axis exist but are inside the body, and the ones aligned with the short axis are in the area of the internal potential. In 2(c) long axis equilibrium points do not exist and the short axis equilibria are inside the body. Finally, in 2(d) only an equilibrium point at the centre of the body exists.
Long axis equilibrium points
Depending on the shape and rotation of the body there can exist two equilibrium points aligned with the x-axis (one at each side of the body) called the long axis equilibrium points, [10] . The equation of the long axis equilibrium point is
The minimum x eq allowed to have an external equilibrium point is at the surface of the body
. For values of ω smaller than ω * external long axis equilibrium points will always exist. As the circumscribing sphere is the spherical boundary where the internal and external potential are matched, the long axis equilibrium points will always be computed with the external potential.
Studying the linearised equations at the equilibria using the external potential it is possible to see that the long axis equilibrium points outside the body always have a saddle-centre behaviour, and are therefore unstable, [10] .
Short axis equilibrium point
Relative equilibrium points aligned with the y-axis, called short axis equilibrium points, external to the body can exist for the external ( [10] ) or for the internal potential depending on the shape and rotation of the body. For the external potential, the equation of the equilibrium points is
In order to use the external potential the closest equilibrium point will be at the circumscribing sphere, where
Analysing the linearised system at the equilibrium it is possible to conclude that the external potential short axis equilibrium point undergoes a Hamiltonian-Hopf bifurcation, which means that it is complex unstable when close to the surface and stable when far from it [10] . Using Scheeres nomenclature, the asteroids with short axis equilibria complex unstable are of type I and when the equilibria are stable, of type II. Due to the fact that the density computed by the internal potential vanishes at the circumscribing sphere the Hopf-bifurcation can cross the spherical boundary continuously.
When the angular velocity is smaller than the expression (32) for a given shape, the short axis equilibrium will fall in the area of the internal potential, i.e.
. Dierent choices of the coecients of the internal potential can slightly vary the boundaries between regions, but the overall behaviour will be the same. This paper is focused on the long axis equilibrium point as the saddle-centre behaviour will guarantee the existence of unstable periodic orbits about the equilibrium with stable and unstable invariant manifolds that might come from or arrive to the asteroid.
B. Invariant manifolds for the long axis equilibrium
As the long axis equilibrium is always a saddle-centre, and the periodic orbits close to it will inherit the same instability, stable and unstable manifolds can be computed for both the equilibrium and the nearby periodic orbits [11] . These are manifolds that asymptotically approach, or depart from, the equilibrium point or periodic orbit, giving a handle of how the dynamics behave close to the equilibrium or periodic orbit. This behaviour depends on the rotation period of the central body and its shape.
This section is focused on nding for which shapes and rotations the invariant manifolds approach or intersect the body and how many rotations about the body the manifolds perform before intersecting it or escaping from it. These results can be applied to the design of landing trajectories on asteroids or comets as a spacecraft following an invariant manifold will be able to approach the body with very low relative velocity, orbit around it while observing it, and nally land with a very small increment of velocity.
In order to classify the behaviour of manifolds that intersect the body, the trajectories will be plotted using the angles ϕ and α where ϕ is the position angle of the trajectory at the intersecting point on the equator of the ellipsoidal surface (ϕ = 0 is aligned with long axis) and α is the angle of the velocity with respect to the tangent to the ellipse at angle ϕ (α = 0 is against the direction of rotation), see gure 4. 1. Invariant manifolds of equilibrium points Given a body with shape α x and α y and xed angular velocity ω, the energy of the system, the Jacobi constant, C, acts as a parameter. The zero velocity curves given by the Jacobi constant divide the x, y plane in dierent regions depending on the value of C, [8, 10, 11] . For very small energies, the trajectories are conned in an area next to the body, the interior realm, or they cannot reach the surface of the body, the exterior realm. The separation between the realms is due to an intervening forbidden region where the velocities would be complex. As the energy increases, the zero velocity curves open up at the long axis equilibrium point and the exterior realm and interior realm are connected for the rst time. At these energies a trajectory coming from far away from the body can approach its surface with low relative velocities compared to trajectories with energies that have the neck region larger and the forbidden areas smaller. Consequently, the invariant manifolds of the long axis equilibrium point dene fuel-free paths that approach the asteroid and may be used for landing on it. In [11] the invariant manifolds of the 1:1 synchronous orbit or equilibrium point are used to transfer from higher altitude orbits to lower altitude for Vesta, but without approaching its surface.
In the following simulations, the shape parameter α y is xed to 1 for simplicity, which means that I yy = I zz . This approximately occurs for many asteroids. For dierent α x ∈ (0, 1) and dierent periods of rotation, the trajectory that follows the unstable manifold of the respective long axis equilibrium point and is directed towards the body is integrated until it impacts on the surface of the ellipse with that value of α x , or until a maximum time is reached. In gure 6 the angle ϕ on the ellipse of impact as a function of the shape parameter α x is plotted. In this gure only the values α x that put the long axis equilibrium point outside the body are considered. αx ∈ (0, 1) when the equilibrium point is outside the body. When the impact angle Φ is 360 means that the equilibrium point is on the surface of the ellipsoid. The upper most right picture represents some of the trajectories until they impact onto the ellipsoid for a rotation period of 4 hours. Figure 6 says that as the body becomes more spherical (α x approaches 1) the unstable manifolds of the long axis equilibrium point start orbiting the body for longer times, until they do not intersect the ellipsoid before the maximum time of integration (for large values of α x no points are plotted).
As the rotation period of the body increases the allowable region of α x for impact trajectories decreases. It is possible to observe as well, that the trajectories accumulate in two bands of angle ϕ which do not include the long axis region. Since the dynamics are continuous, it means that only for a very small region of α x values the manifold will impact on the long axis Therefore, for the majority of asteroids, a spacecraft following one of these paths without manoeuvring will not be able to land near the long axis of the ellipsoid.
If these manifolds are to be used for landing, it is necessary to know the angle of the velocity at arrival with respect to the surface. Ideally it would arrive vertically, α = 90 degrees. From gure 7 it is possible to see that the manifolds impact with very large angles, even close to tangentially, which makes these trajectories not suitable without performing a manoeuvre, as the spacecraft may touch the ground, bounce and start orbiting again. 
Invariant manifolds of periodic orbits
Periodic orbits about the long axis equilibrium point emanate from it, and so, the invariant manifold of the equilibrium point is the limit of the invariant manifolds of the periodic orbits as the orbits shrink to the equilibrium. By using periodic orbits instead of the equilibrium point, larger approach velocities are allowed, but at the same time other possible angles of the arrival velocity can be found.
In the dierent plots shown in gure 8 it can be seen that even increasing the energy of the periodic orbits, the manifolds do not seem to intersect the body vertically. In section IV a controlled manoeuvre is proposed to achieve vertical landing. Moreover, observing gure 8, one can see that by increasing the Jacobi constant of the orbits, a more chaotic behaviour of the manifold can be observed. A study of the behaviour of the manifolds depending on the energy of the orbit and the starting position on the orbit is necessary.
For dierent shapes and rotations of the elongated body, a family of 150 dierent periodic orbits about the long axis equilibrium point parameterised by the Jacobi constant were computed. For each orbit, 150 dierent points with a constant separation in time were selected to compute the stable and unstable manifolds of each periodic orbit. These 150 × 150 initial conditions of the unstable manifolds were then followed until they impact on the surface, escape the vicinity of the asteroid or 50 rotations of the central body were completed. The vicinity of the asteroid has been dened as the spherical area centred at the origin with radius the position of the long axis equilibrium point plus the amplitude of the orbit. The rst initial condition for the manifold is located on the x axis, on the right side of the orbit. The order of the orbit's quadrants explored is therefore 4,3,2,1.
For each trajectory, its behaviour and the number of times it went around the body are plotted.
Figures 9, 10 and 11 show that as the body becomes spherical, and as the rotation period increases, fewer trajectories impact on the body and more keep orbiting in its vicinity. Moreover, for more spherical bodies and longer rotation periods, the trajectories orbit around the elongated body a higher number of times, allowing for a longer period of observation before landing. Rotation periods higher than 10-12 hours allow the invariant manifolds to circulate around the body several times before impact. Observing gures 9, 10 and 11 it is possible to see large regions where the manifolds escape the vicinity of the asteroid. Although the trajectories integrated correspond to the invariant manifold directed to the non-spherical body, many of them, depending on the shape and rotation, after approaching the asteroid they leave its vicinity through the gap of the zero velocity curves at any of the long axis equilibrium points.
IV. Possibility of landing on asteroids using invariant manifolds
There have been two missions that included controlled landings on asteroids: the NEAR mission to asteroid Eros [29] and the Hayabusa mission to asteroid Itokawa [6] . However, neither of these missions used the natural dynamics about the Lagrange points as part of the landing manoeuvres, even though good approximations to the shape and gravitational potential of the model were com-puted by the same spacecraft while orbiting the asteroid. In this section a methodology for close observation of the asteroid and later landing that takes advantage of the invariant manifolds of periodic orbits close to the surface is proposed.
In previous sections it has been seen that the unstable manifolds of periodic orbits can provide fuel-optimal trajectories that approach and intersect the body with small relative velocities. In a similar way, trajectories from the stable manifold come from far away from the body and approach the periodic orbit. Therefore, by adding small manoeuvres to appropriate trajectories from the stable and unstable manifolds a close rendezvous trajectory and soft landing can be achieved.
Given a periodic orbit around the long axis equilibrium point, a trajectory of the stable manifold can take a spacecraft from the exterior realm to the periodic orbit without using fuel. Therefore, the rst manoeuvre needed is the insertion onto the appropriate stable manifold. Once the spacecraft is on the desired periodic orbit, a jump to the unstable manifold is required. This is the second manoeuvre. Then the spacecraft will travel on the unstable manifold without thrusting, approaching the body in the interior realm. Finally, once the spacecraft has orbited the body and decided where to land, the last manoeuvre, a vertical landing, has to be performed.
In this section it is shown how the landing can be performed using invariant manifolds. An example with a real asteroid (Nereus) is given with the required increments of velocity computed for each trajectory. The aim is to use a trajectory that starts on a parking orbit around the asteroid in the exterior realm, approaches it via the stable manifold of a particular Lyapunov periodic orbit around the Lagrange point, and then orbits the asteroid several times in the interior realm on the unstable manifold, before performing an orthogonal landing.
Asteroid 4660 Nereus is a small Apollo and Mars crosser of dimensions 2a = 510 m, 2b = 330m
and 2c = 241m. Its orbit approaches the Earth frequently which makes this asteroid very accessible to spacecraft missions due to the low ∆v needed for rendezvous. Moreover, the rotation period of this asteroid is T = 15.16 hours, which makes it very suitable for the theory developed in this paper.
The shape parameters for asteroid Nereus are α x = 0.4525 and α y = 0.8623. In order to compute an approximate mass a mean density of 2 g/cm 3 has been assumed.
In order to design the whole trajectory, it is necessary to rst select the desired Lyapunov orbit around the long axis Lagrange point, as the whole trajectory depends on it. This orbit should have an unstable manifold that approaches the asteroid and orbits it several times at low relative velocity.
Thus, the analysis of the behaviour of the unstable manifolds of dierent periodic orbits around the long axis Lagrange point as in gure 9-11 is the rst step. 200 orbits were selected, and for each orbit, 200 trajectories were followed until they intersected the body, escaped from the vicinity or a maximum time was reached. This maximum integration time was 50 rotations of Nereus.
(a) Behaviour manifolds (b) Number of rotations around body and Jacobi constant C = −0.3572213504562 plotted in gure 13 has been selected. This gure also shows two stable retrograde orbits around the asteroid that can be used as the initial parking orbit.
The parking orbit should be stable as the spacecraft will stay on it for a period of time in order to study the asteroid and compute the gravitational potential. As the nal aim of the mission is to land on the spacecraft using invariant manifolds, the parking orbit should be chosen in such a way that the trajectories from the stable manifold of the desired Lyapunov periodic orbit intersect the parking orbit. A. Manoeuvre 1: insertion onto the stable manifold It is assumed that at the beginning of the landing manoeuvre, the spacecraft is already in a stable periodic orbit around the asteroid in rotating coordinates. The radius of the orbit will be between 10 to 20 non-dimensional units, which is between approximately 5 and 10 radii of the system, as plotted in gure 13.
The stable manifold trajectories that come from the exterior realm are retrograde in the rotating frame and circulate around the body many times, some of them reaching back to the stable parking orbit. The rst manoeuvre is performed at an intersection point between the manifold and the orbit.
periodic orbit are integrated backwards. This orbit has been selected because it goes around the asteroid 4 times before impacting on the surface. Then, the spacecraft has time to observe the asteroid at a safe distance before deciding where to land. Figure 16 shows that if a manoeuvre is not performed, the trajectory will impact the asteroid with a very tangential velocity. Therefore, it is possible that depending on the coecient of restitu- tion of the asteroid, instead of remaining on the surface of the asteroid the spacecraft might go into orbit again. In order to have a safe landing on an asteroid, it is desirable to follow a trajectory which arrives at the surface orthogonally. However, the dierent manifolds inspected in this paper that intersect asteroid Nereus and other elongated bodies with dierent shape and rotation parameters, do so with a very large angle, between 140 and 180 degrees, see gure 8. This is not a suitable descent angle for real missions. Therefore, a control algorithm must be implemented in order to achieve a vertical landing. This control algorithm can also be implemented on manifold trajectories that do not impact on the body and it will guarantee an impact with the surface.
A suitable way of studying this problem is by using orthogonal elliptic coordinates. The orthogonal elliptic coordinates lines are confocal ellipses and their orthogonal hyperbolae. To dene the focal distance of the coordinates the foci of the ellipse that has the same α parameters as the equator of the asteroid considered are used. Therefore, the foci are located at (−f, 0) and (f, 0)
semi-major and semi-minor axes of the ellipse. Therefore, the equatorial ellipse of the body denes the coordinates.
The elliptic coordinates (µ, ν) are dened by the following transformation to Cartesian coordi-
where µ ∈ R + and ν ∈ [0, 2π]. In these coordinates, trajectories with constant µ form ellipses and trajectories with constant ν form hyperbolas. If the landing trajectory follows a hyperbola, the touch down on the elliptical surface will be orthogonal. Therefore, the control algorithm will have to satisfyν = 0 to guarantee orthogonal landing. In addition, the control algorithm will have to guide the spacecraft to µ = µ 0 which denes the equatorial ellipse and surface of the body. Due to the fact that the manifold trajectories approach the body with very low relative velocity, the landing manoeuvre does not include a reduction of the velocity as the velocity at touch down will be very small.
The landing manoeuvre will be as follows. First of all, the spacecraft will follow freely a particular unstable manifold around the body while inspecting it. This particular trajectory of the unstable manifold has been selected so that it orbits around the asteroid several times, allowing the spacecraft to have a good observation time. At the moment a suitable spot for landing has been selected, the controller will be turned on. The control law will be a pd controller. At each time step, the trajectory will be at (x, y,ẋẏ) which have their corresponding (µ, ν,μ,ν). It is desired that µ should approache µ 0 andν = 0. Therefore, the following errors are dened:
Note that in the errord x and errord y expressions the term µ 0 does not appear and instead there is the variable µ. It was considered in this application that the proportional part of the controller would take care of the error in position and the derivative part of the controller would take care of the error in velocities. It is possible as well to consider errord x = fμ sinh µ 0 cos ν − f (μ sinh µ cos ν −ν cosh µ sin ν) and errord y = fμ cosh µ 0 sin ν − f (μ cosh µ sin ν +ν sinh µ cos ν), although the results in this paper are computed with the expressions of the errors from equations (35)-(38). Then
To achieve vertical landing for the trajectory of the unstable manifold for asteroid Nereus plotted in gure 16, a controlled landing following approximately a hyperbola is performed. The starting point of the controlled trajectory can be anywhere on the unstable manifold trajectory, it will only depend on where the spacecraft is desired to land. The resulting controlled trajectory is plotted in gure 17. Table 1 Increments of velocity and time of ight for a landing manoeuvre on asteroid Nereus.
V. Conclusions
In this paper, using a gravitational potential only in terms of the mass and moments of inertia, the dynamical environment of elongated bodies of dierent shapes and dierent rotation periods has been analysed, with a particular focus on the invariant manifolds of periodic orbits around equilibria.
It has been seen that, depending on the shape and rotation rate, the invariant manifolds of periodic orbits about the long axis relative equilibrium point can come from or impact onto the surface of the body, providing fuel-ecient trajectories for landing on the surface. We have seen that for fast rotating asteroids that have the long axis equilibrium points outside the body, the manifolds impact quickly on the surface. However, when the rotation period is increased fewer trajectories from the manifold impact on the surface and more of them circulate around the body before later escaping.
Increasing the elongation of the asteroid causes more trajectories to quickly impact on the surface, whereas for quasi spherical bodies, the invariant manifolds spend a long time in the vicinity of the body but do not escape or impact on it.
Finally, analysing the behaviour of the invariant manifolds of periodic orbits a methodology that can be used to design a landing mission on an asteroid has been presented. This methodology is valid for elongated asteroids with rotation periods that allow the long axis equilibrium points to be outside of the body, and it is more useful for rotation periods longer than 10-12 hours. Longer rotation periods give the spacecraft more time for observation of the asteroid as the manifolds circulate around the body several times before impact. In order to achieve a vertical landing, and so reduce the possibility of going again into orbit after touch down, a simple control strategy has been designed. With this methodology the landing manoeuvre from a stable quasi-circular parking orbit in the exterior realm but close enough to the asteroid (5-10 radii distance) can be achieved with small increments of velocity of the order 0.15 ms −1 for an asteroid with semi-major axis of 1 km or 1.5 ms −1 for an asteroid with semi-major axis of 10 km.
